Let D = (G, O, w) be a weighted oriented graph whose edge ideal is I(D). In this paper, we characterize the unmixed property of I(D) for each one of the following cases: G is an SCQ graph; G is a chordal graph; G is a simplicial graph; G is a perfect graph; G has no 4-or 5-cycles; G is a graph without 3-and 5-cycles; and girth(G) 5.
Definition 2.10 A vertex cover C of D is strong if for each x ∈ L 3 (C) there is (y, x) ∈ E(D) such that y ∈ L 2 (C) ∪ L 3 (C) = C \ L 1 (C) with y ∈ V + (i.e. w(y) > 1).
Definition 2.11
An ideal I of a ring R is unmixed if each one of its associated primes has the same height.
Theorem 2.12 [10, Theorem 31] The following conditions are equivalent:
(1) I(D) is unmixed.
(2) Each strong vertex cover of D has the same cardinality.
(3) I(G) is unmixed and L 3 (C) = ∅ for each strong vertex cover C of D.
Definition 2. 13 The cover number of G is τ (G) := min {|C| | C is a vertex cover of G}. Furthermore, a τ -reduction of G is a collection of pairwise disjoint induced subgraphs
Remark 2.14 We have τ (G) = |C 1 |, for some vertex cover C 1 . So, C 1 is minimal. Thus, by Remark 2.9, L 3 (C 1 ) = ∅. Hence, C 1 is strong. Now, if I(D) is unmixed, then by (2) in Theorem 2.12, |C| = |C 1 | = τ (G) for each strong vertex cover C of D. Definition 2.18 A collection of pairwise disjoint edges of G is called a matching. A perfect matching is a matching whose union is V (G). On the other hand, G is a König graph if τ (G) = ν(G) where ν(G) is the maximum cardinality of a matching of G.
Definition 2.19
Let e be an edge of G. If {a, a ′ } ∈ E(G) for each pair of edges, {a, b}, {a ′ , b ′ } ∈ E(G) and e = {b, b ′ }, then we say that e has the property (P). On the other hand, we say that a matching P of G has the property (P) if each edge of P has the property (P).
Theorem 2.20 [2, Proposition 15] If G is a Köning graph without isolated vertices, then G is well-covered if and only if G has a perfect matching with the property (P).
Definition 2.21 P = (x 1 , . . . , x n ) is a walk (resp. an oriented walk ) if {x i , x i+1 } ∈ E(G) for i = 1, . . . , n − 1. In this case, P is a path (resp. an oriented path) if x 1 , . . . , x n are different. On the other hand, a walk (resp. an oriented walk), C = (z 1 , z 2 , . . . , z n , z 1 ) is a n-cycle (resp. an oriented n-cycle) if (z 1 , . . . , z n ) is a path (resp. is an oriented path). Definition 2.27 An induced 5-cycle C of G is called basic if C does not contain two adjacent vertices of degree three or more in G. G is an SCQ graph (or G ∈ SCQ) if G satisfies the following conditions:
(i) There is Q G such that Q G = ∅ or Q G is a matching of G with the property (P).
(ii) {V (H) | H ∈ S G ∪ C G ∪ Q G } is a partition of V (G), where C G is the set of basic 5-cycles.
In the following three results, we use the graphs of Figure 1 . 
Theorem 2.30 [5, Theorem 2 and Theorem 3] If G is a connected graph without 3and 4-cycles, then G is well-covered if and only if G ∈ {K 1 , C 7 , P 10 , P 13 , P 14 , Q 13 } or
Definition 2.31
The complement of G, denoted by G, is the graph with V (G) = V (G) such that for each pair of different vertices x and y of D, we have that {x, y} ∈ E(G) if and only if {x, y} / ∈ E(G).
The smallest integer k such that G has a k-colouring is called the chromatic number of G and it is denoted by χ(G). On the other hand, the clique number , denoted by ω(G) is the size of the largest complete subgraph of G. Finally, G is perfect if χ(H) = ω(H) for every induced subgraph H of G. 
then we take C ′ = C. Now, we suppose there is a 1 ∈ L 3 (C) \ L, then by Remark 2.9, N D [a 1 ] ⊆ C. Thus, C 1 = C \ {a 1 } is a vertex cover and L ⊆ C 1 , since L ⊆ C and a 1 / ∈ L. Now, we suppose that there are vertex covers C 0 , . . . , C k , such that L ⊆ C i = C i−1 \ {a i } and a i ∈ L 3 (C i−1 ) \ L for i = 1, . . . , k where C 0 = C and we give the following recursively process:
is a weighted oriented subgraph of D with exactly one cycle C, then B is called unicycle oriented graph when B satisfies the following conditions:
(i) C is an oriented cycle in B and there is an oriented path from C to y in B, for
Definition 3.3 A weighted oriented subgraph T of D without cycles, is a root oriented tree (ROT ) with parent v ∈ V (T ) when T satisfies the following properties:
Definition 3.4 A weighted oriented subgraph H of D is a ⋆-semi-forest if there are root oriented trees T 1 , . . . , T r whose parents are v 1 , . . . , v r and unicycle oriented subgraphs 
, then there is an oriented path P in B j from C to x. Thus, there is y 2 ∈ V (P) such that (y 2 , x) ∈ E(P). If |V (P)| > 2, then deg H (y 2 ) deg P (y 2 ) = 2. If |V (P)| = 2, then y 2 ∈ V (C) and deg H (y 2 ) > deg C (y 2 ) = 2. Therefore, y 2 ∈H and x ∈ N + D (H). 
If H is a unicycle oriented subgraph with cycle C (resp. H is a ROT), then there is an oriented path P from C (resp. from v) to y. Consequently, P ∪ {(y, x)} is an oriented path from C (resp. from v) to x in H 1 . Furthermore, H 1 has exactly one cycle (resp. has no cycles), since (1) There is a strong vertex cover C of D, such that V (K) ⊆ C.
(2) There is a generating ⋆-semi-forest H of K.
Proof.
(2) ⇒ (1) Let C 1 be a minimal vertex cover of D. By (2), K has a generating ⋆-semi-forest H. Now, using the notation of Definition 3.4, we take
(1) ⇒ (2) We have, C is a strong vertex cover such that V (K) ⊆ C.
We take the ROT's M 1 = {v 1 }, . . . , M s = {v s } and sets W i 1 = {w i } and W i 2 = ∅ for i = 1, . . . , s. Now, we will give a recursive process to obtain a generating ⋆-semi-forest of K. For this purpose, suppose we have connected ⋆-semi-forests M s+1 , . . . ,
such that for each s < j l, they satisfies the following conditions:
. This process starts with l = s; in this case,
and we stop the process. Now, if K l+1 = ∅, then we will construct a connected ⋆-semi-forest M l+1 of K l+1 in the following way:
We take x ∈ V (K l+1 ), then there is
, since C is strong. Continuing with this process we obtain a maximal path P = (x r , x r−1 , . . . , x 1 , x) such that x r−1 , . . . , x 1 , x are different in V (K l+1 ) and
is an oriented walk. By the maximality of P, we have that x r ∈ {x r−1 , . . . , x 1 , x}. Thus, P = (x r , . . . , x 1 , x) contains an oriented cycle C. We take a maximal unicycle oriented subgraph M l+1 of K l+1 with cycle C, V l+1 = C and W l+1
is unmixed if and only if each H i has no generating ⋆-semi-forests.
Proof. First, we prove G has a τ -reduction in complete graphs. By Theorem 2.34, G is perfect.
Now, we prove that I(D) is unmixed if and only if each H i has no generating ⋆-semiforests. ⇒) By contradiction, assume H j has a generating ⋆-semi-forest, then by Theorem 3.10 there is a strong vertex C such that (1) |C ∩ e| = 1 for each strong vertex cover C of D.
(2) e has the property (P) and
Proof. (1) ⇒ (2) First, we show e has the property (P). By contradiction, suppose
We take a maximal stable set S such that b ∈ S. Thus,
This is a contradiction, by (1).
(2) ⇒ (1) By contradiction, assume there is a strong vertex cover C of D such that |C∩e| = 1. So, |C ∩e| = 2, since C is a vertex cover. Hence, by Theorem 3.10, there is a generating ⋆-semi-forest H of e. We set e = {z, z ′ }. First, assume H is not connected. Then, using the Definition 3.4, we have (a) G has a perfect matching P with the property (P).
. Proof. ⇒) By Theorem 2.12, I(G) is unmixed. Thus, by Remark 2.17 and Theorem 2.20, G has a perfect matching P with the property (P). Consequently, ν(G) = |P |. Also, τ (G) = ν(G), since G is Köning. So, τ (G) = |P |. Now, we take a strong vertex cover C of D and e ∈ P . Then, |C ∩ e| 1. Furthermore, by Remark 2.14, |C| = τ (G) = |P |. Hence, |C ∩ e| = 1, since C = ∪ẽ ∈P C ∩ẽ. Therefore, by Proposition 4.1, D satisfies (b).
⇐)
We take a strong vertex cover C of D. By Proposition 4.1, |C ∩ e| = 1 for each e ∈ P , since D satisfies (a) and (b). This implies |C| = |P |, since P is a perfect matching. Therefore, by (2) in Theorem 2.12, I(D) is unmixed. ✷ Lemma 4.3 If there is a basic 5-cycle C = (z 1 , z 2 , z 3 , z 4 , z 5 , z 1 ) with (z 1 , z 2 ), (z 2 , z 3 ) ∈ E(D), z 2 ∈ V + and C satisfies one of the following conditions:
then there is a strong vertex coverC such that |C ∩ V (C)| = 4.
Proof. We take
Let C be an induced 5-cycle, we say that C has the ⋆-property if for each (a, b) ∈ E(C) where a ∈ V + , then C = (a ′ , a, b, b ′ , c, a ′ ) with the following properties: Proof. By contradiction, suppose C has the ⋆-property and there is a strong vertex cover C, such that V (C) ⊆ C. Proof. ⇒) By contradiction, we suppose there is a strong vertex cover C such that
We prove a ′ 1 ∈ C. By contradiction assume a ′ 1 ∈ C, then {b 1 , a 1 ,
, since C is a vertex cover and y ′ / ∈ C. This implies y ′ ∈ N + D (a 1 ), then a 1 ∈ L 1 (C), since a 1 ∈ C and y ′ / ∈ C. A contradiction, since a 1 / ∈ L 1 (C). Therefore,
. This implies, V (C) ⊆ C. A contradiction, by Lemma 4.5, since C has the ⋆-property.
We take a minimal vertex cover C of D. We will prove (⋆.1), (⋆.2) and (⋆.3). (⋆.1) First we will prove (a ′ , a) ∈ E(D). By contradiction, suppose (a, a ′ ) ∈ E(D). 
. A contradiction. Now, we prove w(a ′ ) = 1. By contradiction, assume w(a ′ ) = 1. By the last argument, (c, a ′ ) ∈ E(D), since (a ′ , a) ∈ E(D) and a ∈ V + . A contradiction, by (a) in Lemma 4.3. y) is a vertex cover. Furthermore, c / ∈ N + D (a, y), then c / ∈ C 3 . By Proposition 3.1, there is a strong vertex cover C ′ 
. Now, we take a maximal stable set S contained in V (Q G ) := {x ∈ V (G) | x ∈ e and e ∈ Q G }. Then, |S ∩ e| 1 for each e ∈ Q G , since S is stable. If S ∩e = ∅ for some e = {x 1 , x 2 } ∈ Q G , then there are y 1 , y 2 ∈ S such that {x 1 , y 1 }, {x 2 , y 2 } ∈ E(G), since S is maximal. But Q G satisfies the property (P), then {y 1 , y 2 } ∈ E(G). A contradiction, since S is stable. Hence, |S ∩e| = 1 for each e ∈ Q G . Consequently, |S| = |Q G | and
We prove C(S ′ ) is a vertex cover of D. By contradiction, suppose there isê ∈ E(G) such thatê ∩ C(S ′ ) = ∅. We set z ∈ê,
But S is stable. This is a contradiction. Hence, C(S ′ ) is a vertex cover of D. Furthermore, ⇐) Let C be a strong vertex cover of D. By (a) and Proposition 4.6, we have |C ∩V (C)| = 3 for each C ∈ C G . Furthermore, by (b) and Theorem 3.10, Proof. By contradiction, suppose there is a strong vertex cover C of D and x ∈ L 3 (C). Hence, there is y ∈ C \ L 1 (C) ∩ V + with (y, x) ∈ E(D). Then, N D (x) ⊆ C and N + D (y) ⊆ C, since x ∈ L 3 (C) and y ∈ C \ L 1 (C). By hypothesis, there is a vertex
On the other hand, (y 1 , x 1 ) ∈ E(D) where x 1 := y ′ and y 1 ∈ V + , then by hypothesis, there is Proof. We take A := {z, z 1 , . . . , z s }, then A ∪ {x} is a stable set. We can take a maximal , since G has no 3-cycles. We set N D (x) \ y = {x 1 , . . . , x s }. We will prove (b). By contradiction, suppose there is
is a 5-cycle. But G has no 5-cycles, then {z 1 , . . . , z s } is a stable set. Now, if {x, z k } ∈ E(G) or {z, z k } ∈ E(G) for some k ∈ {1, . . . , s}, then (x, x k , z k , x) is a 3-cycle or (z, y, x, x k , z k , z) is a 5-cycle. Hence, {x, z, z 1 , . . . , z s } is a stable set. A contradiction, by Lemma 5.3, since I(D) is unmixed. ✷ In the following results, we use the notation of Figure 1 . Now, suppose G = Q 13 . By the symmetry of we can suppose x = a 2 and x 1 = a 1 , then
and {h, c 2 , g 1 } is a stable set. Hence, G = P 10 and {x, Proof. By contradiction, suppose there is (y, x) ∈ E(D) with y ∈ V + . Then, by Lemma 5.7, deg D (x) 3. Thus, G = C 7 . By Remark 2.3, y is not a source. So, there is (z, y) ∈ E(D). We set V 2 := {a ∈ V (G) | deg G (a) = 2}. By Theorem 2.12, L 3 (C) = ∅ for each strong vertex coverC of D, since I(D) is unmixed. Hence, to obtain a contradiction, we will give a vertex cover C of D such that L 3 (C) = {x} and y ∈ C \ L 1 (C), since with these conditions C is strong. We will use the notation of Figure 1 . Hence, y ∈ C 1 \ L 1 (C 1 ) and we take C = C 1 . Case (1.b) x = v. Then, C 2 = {v, a 1 , a 2 , a 3 , c 1 , c 2 , c 3 } is a vertex cover with L 3 (C 2 ) = {x}. By symmetry of P 10 , we can suppose y = a 1 . Consequently, z = b 1 and N + D (y) = {v} ⊆ C 2 , since a 1 ∈ V 2 . Hence, y ∈ C 2 \ L 1 (C 2 ) and we take C = C 2 .
Case (2) If D = P 14 , then, by symmetry, we can assume y = a 1 and x ∈ {a 2 , b 1 }.
By symmetry of P 14 , we can suppose z = a 2 . Then, 
. Now, if y = c 1 . We can assume (c 2 , c 1 ) ∈ E(D), since in another case we have the case (3.a) with x = c 2 and y = c 1 . Thus, y = c 1 ∈ C 6 \ L 1 (C 6 ), since N + D (c 1 ) ⊆ {b 1 , b 2 } ⊂ C 6 . Therefore, we take C = C 6 . Case (3.c) x = d 1 . Then, y ∈ N G (d 1 ) = {b 1 , b 3 , v}. By symmetry, we can assume
Therefore y ∈ C 8 \ L 1 (C 8 ) and we take C = C 8 . Case 
Consequently, by Lemma 5.7, N D (y) \ C 9 ⊆ N − D (y), since y ∈ V + . Thus, N + D (y) ⊆ C 9 and y ∈ C 9 \ L 1 (C 9 ). Therefore, we take C = C 9 . ✷ Consequently, y ∈ C 1 \ L 1 (C 1 ). Hence, C 1 is strong, since L 3 (C 1 ) = {x}. A contradiction, by Theorem 2.12, then y = d 1 . Now, suppose x = d 1 . Then, C 2 = {a 1 , b 2 , c 2 , d 1 , d 2 , g 1 , g 2 } is a vertex cover of D with L 3 (C 2 ) = {x}. Also, y ∈ N D (x) = {g 1 , b 2 , d 2 }. If y ∈ {g 1 , b 2 }, then N D (y) \ {d 1 } ⊆ N D (g 1 , b 2 )\{d 1 } = {a 1 , a 2 , c 1 } ⊆ V 2 . Hence, by Lemma 5.7, N D (y)\{d 1 } ⊆ N − D (y), since y / ∈ {b 1 , b 2 }. Thus, N + D (y) = {d 1 } = {x} ⊆ C 2 implying y ∈ C 2 \ L 1 (C 2 ). Consequently, C 2 is strong with L 3 (C 2 ) = ∅. A contradiction, by Theorem 2.12, then y = d 2 . Therefore y ∈ {d 1 , d 2 }. By symmetry of P 10 , we can assume y = d 1 . Now, we will prove N + D (y) = {g 1 , b 2 }. By contradiction, in each one of the following cases, we give a strong vertex cover C ′ with L 3 (C ′ ) = ∅, since I(D) is unmixed and z ∈ N − D (y). Case (1) g 1 / ∈ N + D (d 1 ) and b 2 ∈ N + D (d 1 ). So, N + D (d 1 ) ⊆ {b 2 , d 2 } and C ′ 1 = {a 1 , a 2 , b 2 , c 1 , c 2 , d 1 , d 2 } is a vertex cover of D with L 3 (C ′ 1 ) = {b 2 }. Also, (d 1 , b 2 ) ∈ E(D) and y
Hence, C ′ 1 is a strong vertex cover of D. Case (2) b 2 / ∈ N + D (d 1 ) and g 1 ∈ N + D (d 1 ). Then, N + D (d 1 ) ⊆ {g 1 , d 2 } and C ′ 2 = {a 1 , a 2 , c 1 , d 1 , d 2 , g 1 , g 2 } is a vertex cover of D with L 3 (C ′ 2 ) = {g 1 }. Furthermore (d 1 , g 1 ) ∈ E(D) and
is a strong vertex cover of D. 
